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The elastic deformations of the gyroscope rotor axis with high angular velocities can have
a considerable effect on the motion of the gyroscope, One of the first studies of the dyna-
mics of a gyroscope with an elastic axis was carried out by Magnus {1 and 2], The oscil-
lations of a free gyroscope with an elastic shaft were later investigated by Maunder and
Whipple [3 and 4]. Krementulo [5] investigated the stability of motion of a gyroscope
with allowance for the elastic properties of the rotor axis, These authors focused their
attention on an astatic gyroscope in a universal suspension,

The present paper concerns the dynamics of a gyroscope with an elastic axis acted on
by gravity and by the reactions of the elastic constraints, The gyroscope is considered as
an extended symmetric body on a weightless elastic axis; some violation of symmetry by
eccentrically situated point masses is considered acceptable, The quasilinear differential
equations of motion of the gyroscope model are cited. The angular velocities of the for-
ward and reverse precessions and the trajectories of the center of mass of the symmetric
gyroscope are determined for small angles of nutation, The forced oscillations of the
gyroscope due to an eccentric point mass and its critical velocities are investigated, The
dynamic characteristics of gyroscopes with elastic and absolutely rigid axes are compared,

If the center of mass of the gyroscope lies above the point of support, there arises the
problem of stability of the vertical rotation of the gyroscope with elastic axis in the pre-
sence of elastic constraints, The necessary conditions for stability of the vertical rotation
in this case are developed, The stability of an elastic top is investigated as an example,
It is shown that the elastic deformation of the axis raises the threshold of the rotor angu-
lar velocity below which the rotation becomes unstable, The dependence of this thresh-
old on the moments of inertia of the top and on the elastic properties of its axis is cited.

The model of a gyroscope adopted in the present study was chosen to make possible
the solution of several practical problems,

1, We represent our gyroscope in the form of a heavy symmetric absolutely solid body
mounted on a flexible shaft of negligibly small mass (Fig, 1). The point of support O
of the gyroscope is fixed, The mass of the body is. m,, its polar moment of inertia is 4,
and the equatorial moments of inertia with respect to the central axes are. 4, . The

575



576 M. Ia, Kushul

distance 00, between the center of inertia of the mass m, and the point of support is
[ ; the length of the elastic shaft is 4.

Neglecting the variation of the quantities ! and [, with deformation of the axis, we
specify the position of the center of inertia of the massm,relative to the fixed axes &,
&2, &5 by means of two spherical coordinates, i, e, by the angles ¥ and ©. The unit
vectors of the trihedron O,z,x,x, of the spherical axes are denoted by k,, k, and kg ;
the unit vectors of the fixed axes §y, £z, §a are denoted by'j“ jz and j,. The projec-
tions of the transverse deflections U, (S, ¢) and uy (s, t) of the elastic line onto the
coordinate planes £, Z;and ZaZ; are measured from the straight line OO, and are consid-
ered positive if their directions are the same as those of the unit vectors k; and k;. The
elastic constraint near the point of support O produces a restoring moment proportional
to the angle between the vertical and the tangent to the elastic rotor axis at this point;
the moment vector is perpendicular to the plane formed by the two indicated straight
lines,

Fig. 1

The axis of symmetry O y3 of the gyroscope has the same direction as the tangent to
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the elastic axis at the point s==[,; its position relative to the spherical coordinate sys-
tem is defined by the Résal angles @ and P’} the same angles define the positions of

the Résal axes . ¥y, Y2, ¥s whose unit vectors we denote by i, iy, i;. Finally, the position
of the trihedron of axes 0,Y,'Ya’Ys relative to the trihedron of Résal axes Oyy,YoYs is
defined by the angle of proper rotation .

We assume that the complete symmetry of the gyroscope can be violated by eccentri-
cally placed point masses; their effect on the dynamics of the gyroscope can be allowed
for by adding the gravitational forces and the inertial forces acting on the point masses
in their absolute motion to the loads acting on the symmetric gyrbscope.

To simplify our formulas we shall henceforth consider just one point mass m, (my<gdm,)
with the coordinates ¥y’ ==r, ¥y" =y, =0.

Bearing in mind our intention to consider the motion of the gyroscope for small angles
of nutation, in all of the nonlinear functions we retain terms of up to the third order of
smallness in the coordinates p, 0 and their derivatives, but only first-order terms in the
quantities characterizing the elastic deformations of the axis,

The acceleration w, of the center of inertia of the mass m, within the above degree
of accuracy is given by

wy = 1(0" + 0y ky + L (1™ — 2070 — Va1 0% ky — L (12 4 67) ks
The angular velocity of the body is
=—7T)—ak, + 0k; + Biy + @i = (— 1" cos 6 —a’ 4 ¢ sin B) k1 +
+ (6°+ B cosa + ¢ sina cos B) kg + (— 7" 8in 0 — B’ sin a0 +
+ @' cos a cos By ks =~ (— &’ — 1" + Bo" + /167 ky +
+ O+ B+ ap) ke + (0 — 0 kg
The acceleration of the point mass msg is
wy =W, +d/dt [Q X r], .r.=r co8 @i, -+ r sin @i,
The force P applied to the elastic axis of the gyroscope at the point 0, is
=mgjg — mwy —d/dt [Q X m,r], m=m -+ my

Resolving the vector P along the axes &, X3, &g and isolating the first-order terms,
we find that within the indicated degree of accuracy

P = Pk, -} Pyk, + Nkg (1.1)
Py =Py° +f,, Py = Py° + f, N=mg(1+415)
Py’ = — mgl — ml6” 4 ep™ cos ¢ + €9~ sin @
Py® = —mgy — miy” + e9™ sin ¢ — eg” cos @
fr = mg (/07> 4 /8% — miBY?,  fy = mg (Y*/6) + m (/5 6%+ 21670
fs=1/g(r*+ 02—, (v + %) + (e/mg) sin @ (@ + 7"— 2P'¢'— 26'¢'—
—a@?—Bp") + (e/mg) cos @ (B" + 6" + 209" + 2v'¢" — Bep? - ag”)
where the static moment of the eccentric mass & ==m,r is assumed to be small,

The projections Ly and Ly on the principal axes of inertia Y3 and' Y, of the moment
vector L, applied to the shaft at the point O, are given by



518 M, Ia. Kushul

d . .
Ly =—A4, %— A 015Q5 + A3Qa015 + mar x.(gj3 — Wiy (1.2)

. dQ . .
Ly = — A, 'd_t" + A0y Q5 — A3Q,0y5 + ma¥ X (85— W) i

where. Q;, €y, Q, and @yy, g3, ®;3 are the projections on the axes Y1, Y2, Ys of the
angular velocities of the body my and of the trihedron of axes Olylyzya, resectively, i. e.
R, =0, =—a cosB—0 sida sin B— 1" cos 8 cos § 4 (1.3)
4+ 1 sinBcosasin =~ —a" —71 4 1/,70?
Qy=0y=p+6cosa+ 71 sinasinb=p 46
;3 = 0" sin @ cos B— a’ sin B— 77 cos 0 sin B — 7" sin O cos & cos B~ —7'0
Qg = 043 + @°
Projecting the moment vector L onto the axes &, and &3, we find that at the point

O, the gyroscope shaft is acted on by the moments M; and M, in the planes ;T3 and
X%y, These moments are given by
M, =L;cosa — L,sin o sin § ~ L,, M; = —L,cosp ~ —L,
The momentsM; and M are considered positive if they bend the axis in the same
direction as do the positive forces Py and Pp. Substituting (1. 3) into (1.2) and isolating
the first-order terms, we obtain

My=M°+f, M;=M?+f (1.4)
MpP=—Ay(F"+07) — A4,9"(@" + 1) —eg cos g
fo=124,970 + 07" (4, — A,)
My® = — A3 (@" +77) + 4,9 (' + ) —eg sin ¢
fo =t 4:0%" + (24, — A,) 076
From the equation of moments with respect to the axis 3 (neglecting friction at the
support), we obtain 4 % — maT x (8§ — Wa) s (1.5)
or
(Ay + mar?) 9" ~ 4y (y0) + e (g0 +18") sing —e (gy + Iy") cos@

The remaining four equations of motion can be obtained from the following self-
evident equations. valid for a weightless shaft:

Pl + M, —x%[0 4+’ (0,1)] =0, p=u’ ()

P+ M, —x[y +u’ (0,)] =0,  a=u(4?) (1.6)
where % is the rigidity of the elastic constraint and where the primes next to the
uy (s, t) j =1, 2) denote partial derivatives with respect to s.

The projections of the deflections uy (s, ) of the gyroscope shaft axis on the coordi-
nates I,y and X,Ts must satisfy the differential Egs.

EIuf" (s, t)— Nuj(s, t) = P; (1 —8)+ M; for 0<s<ti (j=1,2) (1.7)
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the relations
uy (s, 8) = wy(ly £) - (s — L)uy' (, 8) for h<a!
and the boundary conditions
u; (0, t) = 0, Uy (l, t) = Uy (ll,t) + (l— l,)u,' (ll, t) =0 (1.8)
We introduce the function A given by

T ALY W76 ey S W (1.9)

where EI - is the constant bending rigidity of the shaft, Integrating Eq.(1.7) under bound-
ary conditions (1, 8), we obtain the following expressions for the angles of inclination of
the tangent to the elastic axis for s =0 and § =1, :

ui' (0, ) = N7 [Piey (M) + " Mea (M)
u' (1, 8) = u;" (4 ) = N [Pies (M) + ' Mje (M) ) (1.10)
where the dimensionless coefficients ex (A) (k =1, 2, 3, 4) are:

{
6 (M) = 1——%[& M, 4+ A(I— L) shAlyl, cs(A) = 1__.;%)

Al
cs(A) = c’:{) [1=ch M, —h(—L)sh AL, c(d) = ;55 (ch Ay —1)

¢(h) =sh Ay 4+ A(I—ly)ch Al (1.11)

Let us expand the functions ;" (0, £) and ;" (, £) in Taylor series in the parameter
fs. since f4 is a second-order quantity ina, B, ¥, 0 and &, we retain only the linear
terms in fg in these expansions,

mguy’ (0, t) =[c1 (Ao) + fady (Mo)] P; + 17 M [c3 (ho) + f3d2 (M)]
mg uy’ (1, 1) =[cs (M) + fady (Mo)] P; + I7*M [ei (Mo) + fady (Mo)]
where, as we can readily verify,

Mo dc, (M)
d =3 Sm.,

/s
—cp(Mo)y, Ao = (?E‘%) (k=1,23,4

Substituting the values of the angles of inclination of u,” (0, #) and u,’ (I, t) into
Egs.(1.86), we obtain Plol(i _ 'Icl) + Mlo (1 _ nc’) —0 = Fl
P L(1—16y) + My (1 — o) — xy = F (1.12)
mgB—63P1°—.l—lc4M1°=F3 ( __‘)(_)
mgo — Capzo —_ l"lC‘Mzo = F‘ = mgl
Here P;° and M are linear functions of the coordinates given by Formulas (1.1)
and (1, 4); Fp are functions not containing first-order terms and given by

Fy =fHl ey —1) + fom (1dPy° + d.M°) + fi (n c;—1)
Fy =fol (ney — 1) + fon (1 d\ Py’ + doM°) + f5 ((ne2 — 1)
Fy =fics + f5 (dsPy° + 1"t diM,°) + I-1fyeq
Fy =feq + f3 (dsPy° + 171 dy M\°) + e,
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Quasilinear Eqs. (1, 5) and (1, 2) describe completely the motion of a gyroscope with
an elastic axis for small angles of nutation, We shall confine ourselves to an investiga-
tion of the linearized equations.

Neglecting second-order terms

sin Eas. (1.5}
ns in Lqs. (1,0}, W
of the proper rotation by w,

we denote the constant angular velocity
Introducing the complex functions
z =8 + ia, y =0+ iy (1.13)
and the dimensionless parameters
Ag Ay
2 == 2 = 1.14
o mi2? Go ml? ( )
we can express linearized equations of motion (1.12) as

c0’z” + (cs + ce0®) y" + 7‘{_1’. + % CalY — C46%@i (Z° 4 ¥') = f::)[ ( 3

L __lg_ci)eiwl
w?/
(1—na)e’z + U+ —q(a+ ey + 1 1+n(1—e) y—

— (1 —neg)seoi(z' + y) = (i—:,o;(i — NG — g1

— T2} it
I ! ) €
Attempting to find a solution of homogeneous system (1,15) of the form

X =Dlei"',
we obtain the frequency equation

(1.15)

(1.16)
(vio2 — v300og?) [y — ey + M (cxcs—c16a)] — gt v2 {1 + 02 (1 — ¢+

+ e5) —n[ey + 02 (cz —ew+ cyc4 —coey)]} - gl 1020V [1 —c3+ ¢4+ 1 (ca— o
+ ey — )] + 221 (1 —¢)] =0

We introduce the abstract duantities
va=vVg, o,=0Vig

(1.17)
and replace the coefficients €a by their values from (1, 11), By elementary transforma-
tions we reduce the frequency equation to the form

agvyt + av, 2 + av, 2+ azv, +a, =0 (1.18)
where
ap =02t [Bch®,—c + 10 (2 — 2 ch®¥, + &,sh}y], ¢, = — 04405/ 0?
a; = — (1 + ¢t 020ch®,) + n {1 — Oc ! [chd; + (O — O,) sh¥,] —

— ¢~ 1g202shd,}
ay=c"! 0p20w,(ch &, + nd shd,),

(1.19)
ﬂ = A'f)lv

a; =1 + nde-[ch®, + (¢ —8,)sh 4]
01 =Ar0ll, c =Shﬁl+(’ﬂ —"‘ﬁl) chﬁl

Formulas (1, 19) for the coefficients of the frequency equation are simplified if (as is
often the case) I/} &~ 1, and if
@y = 0% [Octh® — 1 + n0 (8 — 2th 8/2)], a; = —0,0%a0/0?

4 = —(1 + 02 © cth &)+ v (L—Octh & — 0267
a; = 0,020 (cth & + n9),

a, =1 + ndcth ¢ (1.20)
The general solution of homogeneous system (1, 15) is
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4 4
y = Z R,,e“"k“"’h), = Z qukei(vk!wbh)
k=1 k=1
Here Vp are the natural frequencies of the system,vp ==V n V g/l [v*h are the roots
of frequency Eq.(1.18)] and gn are the coefficients of the vibrational modes,

(cs + c40?) vk’ — CaGo’wV, — cag /1
T — e, T eooov, + g/
Ry and pa are real arbitrary constants which can be expressed in terms of the initial
angles ag, Po, Yo, 0o and velocities %oy Po’s Yo, 8, according te Formulas

. k. P
Ry=Vop+ s, Sln‘l’k'—“}}:s COSPx =g

Apn (—1)¥ = 8,05 — Vo'Asn + PoAsk — %o Agn

Asp (—1)* =poBya + 80'Asn + oAgn + BoAun
In Formulas (1, 21)

where

(1.21)

1 i 1 1
Vi v Vs Vi
qQ1 qa qs '

V1 gaVa q3Vs 9a

A=

and Ajr are the minors of the elements of the determinant A, situated at the intersec-
tion of the jth row and the kth column,

Thus, the projection of the trajectory of the
center of inertia of the symmetric gyroscope with
elastic axis onto the horizontal plane for small
angles of nutation is the geometric locus of the
vector equal to the sum of four vectors, each of
which rotates with the angular velocity v, (k =
=1, 2, 3, 4),to describe a circle of radius Rp.

The effect of rotor axis deformation on the
trajectory of the center of inertia of a gyropen-
dulum can be analyzed by means of specific
examples, Fig,2 shows a loop of the trajectory
of the center of inertia of a gyropendulum with-
out an elastic constraint with a flexible shaft for
# =9, =15, 6=0.75, 0, =0.75) 2,
® = 0.5 (in fraction of Vg/l) under the initial
conditions p== "y, Go=Po=0,=ay =P, =7y =0, =0, for which the angular
velocities of precession from (1.18) are v, = — 1.96, v, =— 0.55, v; = 1.00,
V¢ ==2.50. A loop of the trajectory of the center of inertia of the same gyropendulum
under the same initial conditions but with an absolutely rigid shaft appears as the broken
curve in Fig, 2,

The steadystate oscillations of the gyroscope due to the point mass Mg can be obtained
as particular solutions of system (1,15), Omitting terms containing ®?2 in the denomina-
tor from the right sides of these equations, we obtain the perticular solutions

Fig, 2
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X =='"-e;;%--[—— aow? (1’,:— )+r|-'[i- c,] glot (1.22)
Y = g o00® (5 —1) + £ (1 — ney] et

L 4 g3
A, =aoo)‘( -—?-)-{- a5 0 + a4 37
The coefficients ¢; and ¢y in (1,22) can be determined from (1, 11); the coefficients
@, a4 can be determined from (1, 19); the coefficient @5 is given by

ay=—14+22N 0ot 1
+ L [(1— 0%+ 89, sh 8, — B ch 8, + 9% (s — o*) sh B

By analogy with elastic rotors we can speak of the critical velocities of gyrosystems
at which the polynomial A, (®) is equal to zero. Let us consider in more detail the case
where there is no elastic constraint in the system and where I == I;; in this case we have

Ay (0)=(® cth & — 1) (02 —0p?) 0* +[® (de? - 02) cth & —1]gl-tw? + g2l-?

The biquadratic equation A; (@) == 0 does not have real roots if the coefficients of
both w*and @2 are positive or if the discriminant

4g?l-? (02 — 02) — g1 + ¥ (00> — 02) cth¥]2 > 0

In the case of an elastic axis the parameter $¢th € is greater than unity, and none of
these conditions is fulfilled, Hence,a gyropendulum with an elastic axis cannot be free
of critical velocities; there are two such velocities for 62 > @¢2 and one for 02 << g2,

Let us compare the angular velocities of precession of the gyroscope with and without
allowance for the elasticity of its axis, For simplicity we consider the massive part of
the gyroscope rotor as a flywheel with the ratio of moments of inertia d;/4, == 2 more-
over, we neglect the thickness of the flywheel as compared with the length of the elastic
weightless axis, From (1,18) and (1,19) we find that with allowance for axis elasticity
the angular velocities of precession v - can be determined from Eq,

o2[@cth® —1 + n® (0 — 2th 1/, 8)] (v* — 20v3) — [1 + o?¥cthd +
+ n (@cth® —1 4 0202] v2g/l + 2020 (Bcth & + n02) v g/l +
+ (1 +n0cthd) g2/12 =0

For a gyroscope with a nondeformable axis® ==0, dcth ® = ,and its angular velo-
cities of precession Vo must satisfy Eq,
(1 + 02) v* — 2002 —(1 + n) g/l =0

The angular velocity ratios v/v, depend on the dimensionless parameters ¢, @, 1
and on the angular velocity @ of the rotor, These relations can be represented as a two-
parameter family of surfaces, Fig, 3 shows such a surface for the ratio of the minimal
angular velocities of forward precession of the gyroscope for 1 =9 and @ =0.5 [in
fractions of (g/l) '+]. As we see from the figure, the effect of axis bending on the
precessional velocity for these numerical values of 1) and @ is especially significant
in the ranges 0 << ® << 3 and 0 <o <{1.

It is no less interesting to compare the precessional velocity vy of the gyroscope model
under consideration with the natural frequencies px of the bending oscillations of a
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similar model of a horizontal rotor, It is easy to show that the frequencies; Paare given
by Ea. 02 (nd2 + 4) (p* — 2p®m) — 4p3gl-t [(nd2 + 1) (302 + 1) + 2] +
oy + 24gl-10tep (n02 + 1) + 12ng272 =0

7

/
/] Fig. 4 shows the ratios v/p of

/1 27 w-05 the mir}imal velocities of forward
ﬁ 1 precession of the gyroscope and
F7 the natural frequency of the hori-
050 y zontal rotor as functions of @
2 and @ for the same parameter
values 1 = 5 and ©=0.5 (g/1)'».
For small ¥ close to zero, this
ratio differs little from unity; it
then increases rapidly with increas-
ing @, largely due to the tensile
longitudinal forces which increase
“V the bending rigidity of the gyro-
scope shaft, This property of
vertical rotors is exploited in
Fig, 3 high -speed ultracentrifuges whose
rotors are made thin and flexible,
-ﬁ Even with attached components
p of relatively small mass the para-
meter § assumes large values,
and the natural frequencies p;

AN

N

z 7
- (]
0 - r 1 PL""‘
) —

N
AN

<
AS,
[

L
N

J
l
|

J : ‘ of the bending vibrations can
sometimes be made to exceed
k W= the operating rpm'’s,
2 7= 2, Placing the center of mas-
ses above the point of support ,
. gives rise to the problem of sta-
S ol il bility of vertical rotation of a
TTPH gyroscope with an elastic axis.
It ;b— We assume that the gyroscope is
J 7!~~_7' 0 completely symmetric (my= 0),
9 7 ——>4 4 To determine the necessary
L& conditions for stability of the

vertical position of the axis of
symmetry of the gyroscope, we
derive the equations in variations for the steadystate solution

==p :=v= =Q,.=ﬂ. =‘Y. =e. =:0 (2.1)

We direct the axis O, vertically upwards (Fig. 5). To within first-order quantities
the projections of the spherical axes of the force applied to the rotor at the point O, are
P, =mgd — ml0", Py = mgy —mly",N = —mg (2.2)

while the moments M, and M, bending the axis in the planes ;Zy and Z»xg, are

Fig. 4



584 M, la. Kushul

M, =—4, (" +0) —40@ +7)
My =—Ay, (@ +7v) + 4,0 +9) (2.3)
where @ is the angular velocity of proper rotation,
Since the longitudinal force compresses the rotor, the projections #; (s, £) (j=1, 2)
of the deflection of its axis on the coordinate planes z,Zg and Ty, must satisfy not (1,7),

but rather the differential EQs.
” 1
;" (8, £) + Ao2z (5, 8) = 57 1P (L —8) + M5} for 0<s<hy, W =Fr

Fig.5

Integrating these Eqs, under boundary conditions (1,8), we obtain the following expres-
sions for the angles of inclination of the elastic line at the points 8§ = Oands =1 :
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mgu;’ (0, t) =¢, (0, ) P; + It My, (0, &) (2.4)
mgu,’ (l, t) =Cy (‘0, 01) Pj + -1 M,C‘ (‘0, ‘01)

where
¢ (9,8,) =(8/c) [cos®; — (& —8,) sind,] —1,¢;(0,0,) =0/c —1
c; (8,9,) = (8/c) [cos®, — (& —B,) sin®, — 1],¢, (8,8,)=(9/c) (1 — cosD,)
¢ =Ml, 0, =Moly, ¢ =sin®y + (& — @) cosd,
Let us transform Eqs,(1,6) with the aid of Formulas ( 2,2) to (2. 4) and introduce com-
plex functions (1.13), The equations in variations for steadystate solution (2.1) are
022" + (¢5 + c0?) ¥~ + gtz — glley — ewdp’oi (7 + y) =0
(1 —negJoz™ + [1 + 02 — 0 (6, + 02 c)ly” — oo?0i (1 —mey) (& +
+y) —gty —n+e)] =0 =V-0 (2.9)

where 62, 0,2 and M must be determined from (1.14). Making use of substitution(1,16)
and introducing dimensionless quantities (1, 17), we obtain the frequency Eq.

av?+anv?+av?+ayv, +ag=0 (2.6)

where the constant coefficients @r are given by

ap =[sin® — & cos¥ + nd (2 —2cos¥; — B, sind,)] c 102
a; = — 0 ,0¢0%/0>
a; = —1—cs®Gcos®; —net [(1 + 02 — Oy + 0202) sin®, — B,cost]
a3 =c 'gp0 (¥ cos®, + ndind,)

a, = —1 + noct [cos®, — (& — B,)sinDy] 2.7
The necessary condition for stability of the vertical position of the axis of symmetry
of the gyroscope is the realness of all four roots of Eq.(2,6). As we know, a polynomial

of degree n has n real roots if and only if the coefficients of the leading terms of all
n -+ 1of the Sturm series have the same sign, In the case of a quadrinomial this rule

yields the three inequalities 3a,2 _ 8a0a2 > 0 ( 9. 8)
U =a,%,% — 3a,%; — 18a4%a,2 + 14a.a,a,a0; — 6aoa,2a; — 4acay® +
+ 16a02a§a‘ > 0
W =4 U? (16 aoay, — a,8;) + 4UV(a,a; — 6 asay) — V2 (3a,2 — 8aoay) >0

where

V = a,%a,8, — 4a¢as2a; + 3a¢a,a;32 — 9a,%ay + 32 aaya.a, — 48a0%a5a,

In fact, let us apply Euclid’s algorithm to the polynomial
g(@) =2+ ax*+ b2? +cx +d
and to its derivative g’ (x), each time changing the sign of the remainder. This gives us
g =r@)eg @ -k, &@=r()a@E —a @
& (2) =r; (2)g2 (x) — &

We assume that the polynomiat g (z) does not have multiple roots, so that g, is a
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constant, All the roots of the polynomial g (x) are real if g, and the coefficients of the
leading terms of the Sturm functions g,(z) and ga(z) are positive,
Dividing 16 g (z) by g’ (z), we obuain
& (z) = (3a2— 8b) 22 4 2 (ab — 6¢) z 4 (ac — 164d)
Dividing (3a2 — 8b)2 g’ (z) by g, (z) we obtain

g (z) =32 Az + 16 B

where
wilele

A =a%? — 3a% + 14 abc — 6a?d — 4b® — 18¢2 + 16bd
B =a%e¢ — 9a%d + 3ac? + 32abd — 4bic — 48cd

Finally, we divide 4 A2g, () by /1682 (), to obtain
8s =4 A2 (16d — ac) + 44B (ab—6c) — B? (3a* — 8b)
Thus, all the roots of g () are real if
3a2 —8>0,4>0, g4 >0 (2.9
In the case under consideration
e =a,/a0, b =ay/a0, c =azfay,, d =a;/a,
Substituting these values of the coefficients into inequalities (2. 9) and multiplying

the first of them by @2, the second by a@¢* and the third by @,19, we arrive at the three
inequalities (2, 8), which are the necessary conditions for gyroscope stability,

8, As an example let us consider the stability of a free top with an elastic axis, By
a "free" top we mean one which does not have an elastic constraint and the associated
restoring moment, i, e, a top for which = x = 0. To simplify analysis we assume that
! =, . We then find from (2, 7) that

Gg=o'(1—f), 6= —w,08 (1 —f) ag=— (1 + o%), a3 = 0,0, a, = —1 (31)

where the dimensionless parameter f characterizes the relative rigidity of the axis
and is

w’of % f =0 Ctg 0, ‘ﬁ = Ml — (%Z_)'/’l

In the case of an absolutely rigid axis@® = 0
// and f = 1 for small € it is convenient to expand

J / f in powers of & ,
/ 22 Box | gax
@Rl

4 k=1

ar /
é/ where B,) are Bernoulli numbers,
ki Pt A [y

//{6'{4/ By=1, By=— 1/,, B’ =1y, .

f In practically important cases the parameter
d o “ e w“ f>1/,, but remains smaller than or equal to
Fig,6 unity; it is therefore sufficent to investigate the
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stability of the top in the range 0 <f<1.

Let us substitute the values of the coefficients from (3, 1) into inequalities (2, 8). The
first of these is satisfied for all angular velocities ®,, In the case of the first inequality
of (2, 8) this is self-evident; as regards the second inequality of (2, 8), the function U
becomes a quadratic polynomial in ®,%

Ul — Nt =304 (1 — N+ o (1 — f) (1 + 60® + 1007 — 3f2c%) 0,7 +
+H4oMl + o)) (1 — 20 + obft + 4o?) (3.2)
which would be negative if 3f%* > 1 -4 66 4 10 0%/, but, as is easy to show, the discri-
minant of polynomial (3. 2) is positive under this condition. Hence, the condition U > 0
is fulfilled for all real values of ®, in the range of variation of the parameter f under
consideration,
Thus, the only necessary condition for the stability of a top with an elastic axis is the

inequality W > 0. After elementary (though cumbersome) trasformation, the function W
turns out to be a fifth-degree polynomial in the parameter z = w,%0,!,

WA — =368 (1 — )+ 358 (1 — f)* [—81 + 1087 — /3 (244-36 o%) + 16070+
+ 40 fot] + 423(1 — P[—(9 + 648 o?) -+ f (9 + 873 a® — 216 of) + fio? (—204 +
+ 96%) + fo* (550—9a?) + 308f4a® — 23f%°] + 163% (1 — /) [—(21 + 612 0* +

+ 1440%) + (21 + 828 03—216 of) — f7? (200 — 258 6% -+ 36 of) + ot (238—360%)+
+ fio® (2764-1230%) — 59f%0,5—207%10] - 256204 (1 -+ a?f) [—4 (1 + 156% + 12044
+ 47 (1 + 210® + 180%) — fio? (23 + 48 o3 + 12 of) + flo* (28 + 20 o?) +
+fia® (—2 + 120%) — BfSa® + f0010]—1024 o8 (1 + 0%/)* (1 + 4 o — 2fo? + fot)?

With an absolutely rigid axis f =1 and W becomes a linear function of the parame-
ter z

Wt —f)=2560"(1 + o%)%z — 1024 o® (1 } o2)*

Moreover, the third inequality of (2, 8) becomes ®,2 o¢* > 4 (1 + o3) . Hence, recal-
ling (1.14) and (1,17), we obtain the familiar condition for stability of the vertical
rotation of an absolutely rigid top ©34,®> 4mgl A’s, where Ay’ = mi*+4 A, is the
equatorial moment of inertia of the gyroscope with respect to the point of support,

In the range of parameter values

Table 1 . 2T .
under investigation the equation W=0
, 00 o 01 06 05 has just the one positive real root z,.
of| £t |/ =081/ =08f=07If=08 /=0 Table 1 contains the values of these
roots for various values of the parame-
0.1 4.4 6.406] 9.613{15.05124.99| 45.01 t N % Ly
02| 4°8 | 6:82310.06 |15.54 | 25.54 | 45.66 Lo / and e%.computed to within four
0.4] 5.6 | 7.664/10.96 {16.54 | 26.66 | 46.97 figures.
0.(83 6.4 3.51411.8? 17.?)5 27.82 2223 Fig.6 shows the dependence of
0. 7.2 .374[12.81 [ 18.56|28.9 9.6: P
1] 8 [10.23 [13.74 |19.59(30.10| 50,96 V71 = .o on the parameter ; for
2 (12 [14.59 |18.50 [ 24.85{36.00}| 57.77 for three values of o2. Below these
3 |16 {18.98 [23.36 | 30.25|42.08| 64.77 curves are the zones of unstable verti-

cal rotation of a top with flexible axis
(W < 0). As we see from the table and Fig. 6, the elastic deformations of the axisenlarge
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the instability zones considerably, This effort is directly proportional to the flexibility
of the axis,
In conclusion we note that the model of a gyroscope considered in the present paper

of vertical rotors in the gravitational field,

The author is grateful to M, F, Zeitman for his assistance in carrying out the present
study,
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